We propose a novel scenario of inflation, in which the inflaton is identified as the lightest mode of an angular field in a compactified fifth dimension. The periodic effective potential exhibits exponentially flat plateaus, so that a sub-Planckian field excursion without hilltop initial conditions is naturally realized. We can obtain consistent predictions with observations on the spectral index and the tensor-to-scalar ratio.
INTRODUCTION
Currently, the cosmic microwave background (CMB) is observed to be homogeneous and isotropic, and its temperature fluctuations indicate a nearly scale-invariant power spectrum of the adiabatic Gaussian primordial perturbation [1] . These are consistent with the predictions of inflation [2] , which is thus regarded as the leading candidate for the evolution of the very early universe before the standard hot big bang [3] [4] [5] . Most models of inflation introduce a scalar field, the inflaton, to drive inflation in different extensions of the standard model of particle physics (SM) [6] . However, constructing a realistic model of inflation in particle physics is challenging. For example, inflation models in supergravity receive typically O(H 2 ) corrections to the inflaton mass, with H being the Hubble parameter during inflation, so that the flatness of the inflaton potential is completely spoiled [7] .
An inflaton protected by symmetry is thus a good candidate to maintain a flat potential to support long enough inflation. Natural inflation is a representative model, where the inflaton is a pseudo NambuGoldstone boson associated with a spontaneously broken symmetry at a scale f [8, 9] . The resulting Lagrangian includes a sinusoidal periodic potential as a function of an angular variable θ ≡ φ/f with φ being the canonically normalized field. Naively implementing natural inflation, however, requires f m Pl ≡ (8πG) −1/2 = 2.43 × 10 18 GeV so that the validity of the description of natural inflation is doubtful in the context of effective field theory. Indeed, f ∼ 5m Pl gives consistent predictions with the CMB observations [2] . But it seems difficult to have f m Pl from first principles [10] .
It is thus an important task, to realize natural inflation, either to obtain a super-Planckian value of f , at least effectively, or conversely to find working models that give consistent predictions with observations even with a sub-Planckian f . A number of proposals has been suggested for f m Pl , including a five-dimensional (5D) model with a gauge field [11] , aligned axion model [12, 13] and N-flation model [14] . Meanwhile, it is in general difficult to achieve a subPlanckian f and only few models are known [15] since fine-tuning of initial conditions is required.
In this article, we present a new model of inflation with f m Pl by making use of a 5D angular field with appropriate boundary interactions. The hilltop of the potential becomes exponentially flat so that a sub-Planckian field excursion of the inflaton is naturally realized without severe fine tuning on the initial conditions, leading to a highly suppressed tensor-toscalar ratio and an observationally viable value for the spectral index.
MODEL
We begin with a 5D model
where M = {0, 1, 2, 3, 5} and µ = {0, 1, 2, 3} are respectively the 5D and non-compact usual 4D coordinate indices. The fifth dimension is compactified with an orbifold symmetry S 1 /Z 2 , which has two 4D boundaries (or branes) at y b = 0 and y b = πR. We restrict 0 y πR so that the length of the fifth dimension is πR. This gives the relation between m Pl and the 5D mass scale M 5 as m Pl = M 3 5 πR. Our strategy to realize inflation is as follows. We introduce a 5D angular field θ(x, y) whose period is 2π, and the corresponding 5D action S 0 [θ], which generates a zero mode that we identify as a 4D massless field φ(x). Since φ(x) is massless within S 0 [θ], there is no scalar potential for φ(x). By introducing small deviations δS 0 [θ] in the model parameters from S 0 [θ] with a reasonable assumptions, φ(x) is no longer flat. This gives, after integrating out all Kaluza-Klein (KK) modes, the scalar potential of φ(x) which can drive inflation. The curvature of the potential is determined by the overlap between S 0 [θ] and the zero mode localized at, say, y b = 0 [see (6) ].
θ has the constant shift symmetry θ → θ + c as a usual Goldstone boson, and such a shift symmetry can be softly broken by a massive parameter m which transforms as m → me −ic . With a 5D decay constant of θ, f 5 , we can write the generic 5D effective action for the 5D pseudo Goldstone boson θ as
(2) Usually a non-zero value of m breaks the shift symmetry, and there is no massless mode. However if we allow boundary-localized potentials for θ, then the massless mode could be generated with a non-trivial profile along the fifth dimension. Imposing a CP symmetry, the simplest example for the bulk and boundary potentials is
where α, β 0 and β π are the model parameters. The phase of m is completely absorbed into θ. The most interesting parameter values are α = 1/4 and β 0 = β π = 1, which yield a massless 4D scalar with a vanishing cosmological constant as a solution to the 5D equation of motion for the zero mode, ∂ y θ 0 (x, y) + m sin θ 0 (x, y) = 0. It is related to the canonically normalized scalar field φ(x) as
where
Here sn(x|y) is the Jacobi elliptic function. Then, the action for the zero mode is simply the kinetic term of
Now we consider at y b = 0 a small deviation |δβ 0 | = |β 0 − 1| 1, and correspondingly |δα| 1 to keep the cosmological constant vanishing. Such a deviation can be considered as introducing a small perturbation of the action,
After integrating out all KK modes, the canonical 4D field φ(x) acquires a potential:
where Λ 4 ≡ 2f 5 mδβ 0 . We see that (7) is a periodic function of φ. In Figure 1 , the potential is shown for different values of mR in the unit of the half period, πF φ , given by
where K(x) is the complete elliptic integral of the first kind, which approaches π/2 (mπR) for mR 1 (mR 1). Note that depending on the value of mR the shape of the potential is exponentially sensitive in such a way that the hilltop becomes an exponentially flat plateau, while around the minimum V (φ) exhibits a steep, cliff-like shape. For successful inflation, we take mR = O(10), so we can naturally obtain a flat and periodic inflaton potential. There is a clear geometric interpretation of the potential: it is the result of the overlap of the wavefunction between the exponentially localized zero mode (4), whose position along the fifth dimension depends on the vacuum value of φ, and the perturbed action (6) which breaks the shift symmetry of the zero mode. A more detailed discussion about the zero mode localization could be found in [16] in the context of continuum clockwork.
PREDICTIONS
Given the potential (7), from the slow-roll parameters
where a prime denotes a derivative with respect to φ, we can first check the number of e-folds for a given initial vacuum expectation value φ i ,
Here φ e satisfies (φ e ) = 1. Then the amplitude A R and the spectral index n R of the power spectrum of the curvature perturbation and the tensor-to-scalar ratio r, given respectively by
Pl , n R = 1 − 6 + 2η , r = 16 , (11) can be straightly computed.
While it is indeed possible to make use of (7) to obtain fully analytic results in terms of the Jacobi elliptic functions, as mentioned at the end of the previous section, with mR = O(10) the form of the potential and the period are greatly simplified to
(12) This simple potential gives further analytic insights. It is important to note that we can easily make the period well below m Pl : comparing πF φ and m Pl ,
which becomes much smaller than m Pl for f 5 M 5 . Also note that the same form of the potential (12) was studied in a different context [17, 18] .
From (10) and (12), we find
With φ e = f sinh −1 √ 2m Pl /f , the contribution of φ e to N is always smaller than 1, e.g. 0.866 even for f = m Pl . Thus N is even further simplified to
In this case, we can write n R and r in terms of N as
Thus we see that comparing with the R 2 inflation model [19] , one of the best fit models for the most recent CMB observations [2] , while the spectral index is the same, the tensor-to-scalar ratio is even further suppressed for a sub-Planckian value of f . This is because the field excursion during inflation is more sub-Planckian for smaller f /m Pl [20] . 
The number of e-folds N and the specral index nR in the log 10 (F φ /m Pl )-φi/(πF φ ) plane. We set N = 40 (dotted), 50 (dashed), 60 (solid) and 70 (dot-dashed), and 0.96 < nR < 0.97 (dark shade). r < 0.07 is satisfied everywhere shown in this plot. The regime beyond the perturbative constraint Λ 4 /(2f The observational constraints 0.96 n R 0.97 and r 0.07 along with a few different numbers of N are shown in Figure 2 with mR = 5. Unlike natural inflation, larger f /m Pl does not necessarily lead to larger N . This is because as can be seen from Figure 1 the potential away from the hilltop is exponentially steeper than simple sinusoidal form, so that the field value on the ridge of the potential is more crucial to determine N . The spectral index is aligned almost parallel to N , since as can be read from (16) in the large e 2πmR limit it is entirely determined only by N . Since the tensor-to-scalar ratio is further suppressd by (f /m Pl ) 2 which we take less than 1, the constraint r < 0.07 is satisfied in the shown parameter space.
DISCUSSIONS
In the standard scenario of natural inflation where inflation is driven by a simple cosine potential, A R is determined by two independent parameters of the potential, the axion decay constant f and the energy scale Λ. To satisfy the constraint A R ≈ 2.21 × 10
with the preferred value f ∼ 5m Pl , Λ is fixed by Λ ∼ 10 15−16 GeV. In our case, the energy scale Λ is not an independent parameter since it should satisfy the perturbative constraint Λ (18) Note that there is no explicit hierarchy between f 5 and m, and in the above we have assumed they are not too different with a fiducial value f 5 /m = 2. For given values of f 5 /m and mR, we can see from (18) that the perturbative constraint is always satisfied for a wide region in the parameter space. In Figure 2 , we also present the constraint Λ 4 /(2f 
The decay rate of the inflaton is then estimated as
For F φ ∼ 10 −3 m Pl and mR = 5, we find f 5 ∼ 10 −3 M 5 ∼ 10 −5 m Pl , and the reheating temperature T reh = Γ φ m Pl ∼ 10 13 GeV(c γ /0.1)(δβ/0.1) could be large enough but safely smaller than the GUT scale. On the other hand, if SM is localized at y b = πR, the coupling between the inflation and the gauge fields has an additional suppression factor e −mπR ∼ 10 −7 for mR = 5. Then T reh is suppressed as 10
6 GeV(c γ /0.1)(δβ/0.1), which also could be a reasonable value. Further interesting phenomenology with such a low T reh , e.g. large isocurvature perturbation at small scales [21] , may follow depending on the detail of the matter sector.
SUMMARY
In this article, we have constructed a model of inflation where the zero mode of a 5D angular field θ plays the role of the inflaton. The resulting inflaton potential is exponentially flat depending on the mass parameter m that softly breaks the shift symmetry of θ and the size of the compactified fifth dimension R. The effective 4D decay constant f can be made substantially sub-Planckian, satisfying in the perturbative regime the observational constraints on the spectral index n R and predicting the tensor-to-scalar ratio r highly suppressed.
